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Abstract
We associate bicomplexes with the finite Toda lattice and with a finite Toda
field theory in such a way that conserved currents and charges are obtained by
a simple iterative construction.
In recent work [1, 2] we have demonstrated how bicomplexes can be associated with
several completely integrable models in such a way that they provide us with an
iterative construction of conserved currents. In the following we recall the underlying
mathematical structure and demonstrate how the finite Toda chain and a finite Toda
field equation fit into this scheme.
Let V =
⊕
r≥0 V
r be an N0-graded linear space (over R or C) and d, δ : V
r → V r+1
two linear maps satisfying d2 = 0, δ2 = 0 and d δ + δ d = 0. Then (V, d, δ) is called
a bicomplex. In the following we assume that, for some s ∈ N, Hsδ (V ) is trivial,
so that all δ-closed elements of V s are δ-exact. Furthermore, we assume that there
is a (nonvanishing) χ(0) ∈ V s−1 with dJ (0) = 0 where J (0) = δχ(0). Let us define
J (1) = dχ(0). Then δJ (1) = −dδχ(0) = 0, so that J (1) = δχ(1) with some χ(1) ∈ V s−1.
Next we define J (2) = dχ(1). Then δJ (2) = −dδχ(1) = −dJ (1) = −d2χ(0) = 0, so
that J (2) = δχ(2) with some χ(2) ∈ V s−1. This can be iterated further and leads to a
(possibly infinite) chain (see Fig. 1) of δ-closed elements J (m) of V s and χ(m) ∈ V s−1
satisfying
J (m+1) = dχ(m) = δχ(m+1) . (1)
Introducing χ =
∑
m≥0 λ
m χ(m) with a parameter λ, this becomes
δ(χ− χ(0)) = λ dχ . (2)
In the following examples we will only consider the case where s = 1. In these
examples, the J (m) represent conserved currents which determine conserved charges.
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The chain of δ-closed s-forms J (m).
Example 1: The finite Toda lattice.
Let C∞(R,Rn) be the set of smooth maps f : R → Rn and Λ =
⊕2
r=0 Λ
r the
exterior algebra of a 2-dimensional vector space. We choose linearly independent
1-forms τ, ξ ∈ Λ1 which satisfy τ 2 = ξ2 = τ ξ + ξ τ = 0. Furthermore, we set
V =
⊕2
r=0 V
r = C∞(R,Rn)⊗ Λ. Next we define linear maps d, δ : V 0 → V 1 via
df = (Lf) τ + (f˙ +Mf) ξ , δf = f˙ τ + (Sf − f) ξ (3)
with maps S,M,L : R→ M(n× n;R) and f˙ = df/dt where t denotes the canonical
coordinate function on R. d extends to V 1 via d(f τ + g ξ) = (df) τ + (dg) ξ for all
f, g ∈ C∞(R,Rn), and correspondingly for δ. d and δ satisfy the bicomplex conditions
iff
S˙ = 0 , M˙ = [S, L] , L˙ = [L,M ] . (4)
Let ei = (δ
a
i ) denote the standard basis of R
n and Eij = (δ
a
i δjb) the elementary
matrices. Then we have Eij ek = δjk ei and Eij Ekl = δjk Eil. Now we choose
S =
n−1∑
i=1
Ei,i+1 , M =
n∑
i=1
q˙iEii , L = −
n−1∑
i=1
eqi−qi+1 Ei+1,i . (5)
S has the properties S˙ = 0, Se1 = 0, Sei = ei−1 for i = 2, . . . , n. One finds that
L˙ = [L,M ] is identically satisfied and M˙ = [S, L] is equivalent to the finite Toda
lattice equation
q¨1 = −e
q1−q2 , q¨n = e
qn−1−qn , q¨i = e
qi−1−qi − eqi−qi+1 i = 2, . . . , n− 1 . (6)
δJ = 0 for J = J0 τ +J1 ξ means SJ0−J0 = J˙1. In particular, this implies J = δφ
with φ =
∑n
k=1 φk ek and φk = −
∑n
i=k J1i. Hence δ-closed elements of V
1 are δ-exact.
Using the euclidean scalar product 〈 , 〉 and u =
∑n
i=1 ei, we define
Q = 〈u, J1〉 (7)
for a δ-closed element J ∈ V 1. Then
Q˙ = 〈u, SJ0 − J0〉 = 〈S
tu− u, J0〉 = −〈e1, J0〉 . (8)
The δ-closed elements J (m) ∈ V 1 obtained via the above iteration procedure (for
s = 1) satisfy J (m) = dχ(m−1) which implies J
(m)
0 = Lχ
(m−1) and thus Q˙(m) = 0 since
Lte1 = 0. Hence, the Q
(m) are conserved.
Choosing χ(0) = u (which satisfies dδχ(0) = 0), the linear equation (2) becomes
equivalent to the system
χ˙ = λLχ , (I − S)χ = en − λ (λLχ+Mχ) (9)
where I denotes the n×n unit matrix. Using (I−S)−1ek =
∑k
j=1 ej, the last equation
allows the recursive calculation of the χ(m):
χ(1) = −(I − S)−1Mχ(0) = −
n∑
i=1
i∑
j=1
q˙i ej = −
n∑
j=1
n∑
i=j
q˙i ej (10)
χ(m) = −(I − S)−1(Mχ(m−1) + Lχ(m−2)) m = 2, . . . , n . (11)
From J (m) = dχ(m−1) we obtain in particular
J (1) = −
n∑
i=2
eqi−1−qiei τ +
n∑
i=1
q˙i ei ξ (12)
J (2) = −
n−1∑
k=1
eqk−qk+1 χ
(1)
k ek+1 τ +
n∑
k=1
(χ˙
(1)
k + q˙k χ
(1)
k ) ek ξ . (13)
The associated conserved charges are
Q(1) = −
n∑
k=1
q˙k , Q
(2) = −
1
2
n∑
k=1
q˙2k −
n−1∑
k=1
eqk−qk+1 −
1
2
(
Q(1)
)2
. (14)
To obtain the last expression, we made use of the equations of motion (6). The
conserved charges of the finite Toda lattices are well-known, of course [3]. On the
n-point lattice, there are only n independent conserved charges.
Example 2: Finite Toda field theory.
Modifying the previous example, we now consider V = C∞(R2,Rn) ⊗ Λ and define
linear maps d, δ : V r → V r+1, r = 0, 1, via
df = (Lf) τ + (Mf − fx) ξ , δf = ft τ + (Sf − f) ξ (15)
in terms of coordinates t, x on R2. ft and fx denote the partial derivative with respect
to t and x, respectively. The bicomplex conditions are then equivalent to
St = 0 , Mt = [S, L] , Lx = −[L,M ] . (16)
Choosing
S =
n−1∑
i=1
Ei,i+1 , M = −
n∑
i=1
qi,xEii , L = −
n−1∑
i=1
eqi−qi+1 Ei+1,i , (17)
we obtain the field equations
q1,tx = e
q1−q2 , qn,tx = −e
qn−1−qn ,
qi,tx = e
qi−qi+1 − eqi−1−qi i = 2, . . . , n− 1 . (18)
In the following we restrict our consideration to the case n = 2 where this system is
equivalent to the Liouville equation. Indeed, setting q1 = −q2 = φ, we have
S =
(
0 1
0 0
)
, M = φx
(
−1 0
0 1
)
, L = −e2φ
(
0 0
1 0
)
, (19)
and the field equations reduce to
φtx = e
2φ . (20)
Writing χ = (a, b)t, the linear system (2) with χ(0) = u yields
at = 0 , bt = −λ a e
2φ (21)
and
b = 1 + λ (bx − φx b) , b = a− λ (ax + φx a) . (22)
As a consequence, we have
a− 1− 2λ ax + λ
2(axx + v a) = 0 (23)
where we introduced
v = φxx − φx
2 (24)
which satisfies vt = 0 as a consequence of the Liouville equation.
1 The conserved
current is
J = dχ = −e2φ a
(
0
1
)
τ −
(
ax + φx a
bx − φx b
)
ξ (25)
and the associated conserved charge (constructed as in the previous example) becomes
Q = −(ax + φx a)− (bx − φx b) = λ
−1 (1− a) (26)
1Actually vt = 0 is equivalent to the Liouville equation as long as φtx 6= 0. Regarding (24) as an
equation for w = φx with a given function v(x), we recover the Ricatti equation wx −w
2 − v(x) = 0
associated with the Liouville equation.
with the help of (22). Note that at = 0 implies directly Qt = 0. The corresponding
conserved charges Q(m) are
Q(1) = 0 , Q(2) = v , Q(3) = 2 vx , Q
(4) = 3 vxx − v
2 (27)
and so forth. From the above formula for a it is obvious that all the Q(m) depend
on φ only through v. Since v is conserved, the Q(m) are trivially conserved in this
example.
Above we used a special solution of dδχ(0) = 0. Its general solution is
a(0) = c1(x) +
∫ t
c2(t
′) e−φ dt′ (28)
b(0) =
(
c4(t) +
∫ x
[ c3(x
′)−
∫ t
a(0) e2φ dt′ ] e−φ dx′
)
eφ (29)
with arbitrary differentiable functions c1, . . . , c4 of a single variable. (26) has to be
replaced by Q = λ−1(a(0)−a). Our construction of conserved quantities does not really
lead to anything new, however. In particular, we get Q(1) = h(x) with an arbitrary
function of x (related to c3) and Q
(2) = c1,xx+2 hx+c1 v. The corresponding recursion
formula is Q(m) = 2Q
(m−1)
x −Q
(m−2)
xx − v Q(m−2) for m > 1.
We expect that convenient bicomplexes can also be associated with generalizations
(see [4], for example, and the references therein) of the above Toda systems in order
to generate their conserved currents and charges.
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